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Classical Computability Theory

The classical computability theory

e defines the computability and reducibility of sets and functions;

e is interested mainly in the non-computable objects;

e explores the levels of uncomputability (like unsolvability degrees ) and the related structures;
e handles only the discrete structures of countable sets like N or >2%;

e is not able to deal with the real numbers and real functions.

However, the computation related to the real numbers is one of the most important tasks in
practice.

A computability theory of real numbers is important for theoretical research as well as for
applications (e.g. in model checking with hybrid systems — E.M.Clerke 2012 — "Turing's
computable real numbers and why they are still important today.” ).
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Which Real Numbers Are Computable?

Two natural criteria:

e Good computational properties

the computable real numbers should be somehow “calculable™;

e Good mathematical properties

e.g., the class of computable real numbers should be closed under arithmetical operations and
computable functions.

What is a reasonable definition of computable real numbers?



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.

e CA=As e, 240 CAIffAc Ay wherexy :=0.A = ZieA 9~ (+1)
CA does not have good computability theoretical property — not good enough!

A computable sequence () of rationals does not supply any “useful” information about its
limit x := lim x4 in any finite moment.

E.g, after any finitely many steps

e we do not have an upper or lower bound of x;

e we cannot write down definitively any digital of the decimal expansion of x.

CA — minimal requirement of the computability of reals.



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

° is closed under the arithmetical operations and =, ie. itis a field.
o is closed under computable real functions.
° e iff where

1 "1 1

does not have good computability theoretical property — not good enough!

A computable sequence of rationals does not supply any “useful” information about its
limit in any finite moment.

E.g, after any finitely many steps

e we do not have an upper or lower bound of z;

e we cannot write down definitively any digital of the decimal expansion of

— minimal requirement of the computability of reals.



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.

e CA=As e, 240 CAIffAc Ay wherexy:=0.A= ZiEA 9—(+1)



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.

e CA=As e, 240 CAIffAc Ay wherexy:=0.A= ZiEA 9—(+1)
CA does not have good computability theoretical property — not good enough!

A computable sequence (x5) of rationals does not supply any “useful” information about its
limit = := lim x4 in any finite moment.



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.

e CA=As e, 240 CAIffAc Ay wherexy:=0.A= ZiEA 9—(+1)
CA does not have good computability theoretical property — not good enough!

A computable sequence (x5) of rationals does not supply any “useful” information about its
limit = := lim x4 in any finite moment.

E.g after any finitely many steps



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.

e CA=As e, 240 CAIffAc Ay wherexy:=0.A= ZiEA 9—(+1)
CA does not have good computability theoretical property — not good enough!

A computable sequence (x5) of rationals does not supply any “useful” information about its
limit = := lim x4 in any finite moment.

E.g after any finitely many steps

e we do not have an upper or lower bound of x;



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.
e CA=As e, 240 CAIffAc Ay wherexy:=0.A= ZiEA 9—(+1)
CA does not have good computability theoretical property — not good enough!

A computable sequence (x5) of rationals does not supply any “useful” information about its
limit = := lim x4 in any finite moment.

E.g after any finitely many steps

e we do not have an upper or lower bound of x;

e we cannot write down definitively any digital of the decimal expansion of x.



The First Attempt

CA = {the limits of computable sequences of rational numbers} — class of c.a. reals.

The class CA has good mathematical properties:

e CA is closed under the arithmetical operations 4+, —, X and =, i.e., it is a field.

e CA is closed under computable real functions.

e CA=As e, 240 CAIffAc Ay wherexy:=0.A= ZiEA 9—(+1)
CA does not have good computability theoretical property — not good enough!

A computable sequence (x5) of rationals does not supply any “useful” information about its
limit = := lim x4 in any finite moment.

E.g after any finitely many steps

e we do not have an upper or lower bound of x;

e we cannot write down definitively any digital of the decimal expansion of x.

CA — minimal requirement of the computability of reals.



The Second Attempt
Definition of Alan Turing (1936):

A real number is computable if its decimal expansion is calculable by finite means.




The Second Attempt
Definition of Alan Turing (1936):

A real number is computable if its decimal expansion is calculable by finite means.

“finite means” = “automatic machine” (Turing machine)




The Second Attempt
Definition of Alan Turing (1936):

A real number is computable if its decimal expansion is calculable by finite means.

“finite means” = “automatic machine” (Turing machine)

Church-Turing thesis:

TM computability = intuitive computability




The Second Attempt
Definition of Alan Turing (1936):

A real number is computable if its decimal expansion is calculable by finite means.

“finite means” = “automatic machine” (Turing machine)

Church-Turing thesis:

TM computability = intuitive computability

More precisely:

x € |0,1] is computable <= x =0.f(0)f(1)f(2)... for a computable function f.




The Second Attempt

Definition of Alan Turing (1936):

A real number is computable if its decimal expansion is calculable by finite means.

“finite means” = “automatic machine” (Turing machine)

Church-Turing thesis:

TM computability = intuitive computability

More precisely:

x € |0,1] is computable <= x =0.f(0)f(1)f(2)... for a computable function f.
Some examples of computable real numbers (Turing 1936):

all rational numbers (e.g., 5 );

all algebraic reals (e.g., V2 );

the mathematical constants 7, e, etc.




Equivalent Definitions

Theorem of Raphael Robinson (1951): The followings are equivalent:

o (Decimal representation) x is computable;

e (Binary representation) © = x4 := 0.4 =) 2~ (n+1) for a computable set A C N;

ncA

e (Dedekind cut representation) L, := {r € Q : r < z} is a computable set;

e (Cauchy representation) There is a computable sequence (z) of rationals which converges
to x effectively in the sense

(Vn)(lz —zn| <277) o (Vn)(|zn — Tnia] <277).

(x is “effectively computable”, EC := {x : = is computable}.)

o (Nested interval representation) There is a computable sequence ((as, b)) of rational intervals
such that
(Vs)(as < asy1 < x < bsy1 < bs) & lim (bs — as) = 0.
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Equivalent Definitions

Theorem of Raphael Robinson (1951): The followings are equivalent:

e (Decimal representation) x is computable;

o 2= (n*+1) for a computable set A C N;

Binary representation) x = x4 :=0.A =% _,

(
(
(Dedekind cut representation) L, := {r € Q : r < x} is a computable set;
e (Cauchy representation) There is a computable sequence (z) of rationals which converges
to x effectively in the sense

(Vn)(lz = zn| <277) or (Vn)(|zn = Tnia] <277).

(« is “effectively computable”, EC := {x : x is computable}.)

e (Nested interval representation) There is a computable sequence ((as, bs)) of rational intervals
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Properties of Computable Real Numbers

The definition of omputable real numbers is very robust;
Computable real numbers are calculable. (exact computation);
The class of computable real numbers is closed under the arithmetical operations;

The class of computable real numbers is closed under computable operators (computable
functions).

The class of computable real numbers is closed under effective limit operator.
(The effective limit of a computable sequence of real numbers is computable.)



Primitive Recursive Real Numbers

Specker (1949) defined primitive recursive reals in the following ways.

e PR3 — by Dedekind's cuts
e PRy — by Decimal expansions
e PR, — by Cauchy sequences

e PRy — by Nested interval sequences

Specker 1949 and Skordev 2001 have shown that

PR; C PR, C PR; C PRy = EC

PR is widely accepted as the definition of "primitive recursive reals" due to its good
mathematical properties.

More complicated for the polynomial time computable real numbers.
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Example of Specker (1949):

A set A is ce. if it has a computable enumeration — a computable sequence (Ay) of finite
sets such that

Ag=0, (Vs)(A, C A1), (A=A

The real number x4 = >  _, 2= (n+1) is not computable, if the set A is c.e. but not
computable.

Remark:

The real number x4 is the limit of an increasing computable sequence(x,) of rational
numbers defined by x5 := x4,

Consequence:

The limit of an increasing computable sequence of rational numbers is not necessarily
computable.
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x is left computable if it is the limit of an increasing computable sequence (x4) of rationals.
r€e€lLC < L, ={reQ:r<xzx}isace. set.

(I.c. reals are also called c.e. or left-c.e.)

Theorem. [Soare 1969, Ambos-Spies et al 2000, Calude et al 2001 | xis/.c. iff
x = 0.A for a strongly w-c.e. set A. Where a set A is strongly w-c.e. if there is a computable
sequence (As) of finite sets which convergences to A such that

(Vn)(Vs) (n € As\As11 = (Im < n)(m € As11\As))

Remark: A real with a c.e. binary expansion is called strongly c.e.

Theorem. [Ambos-Spies and Z. 2019]

e for any strongly c.e. real x, if x is not computable, then there exists a strongly c.e. vy such
that neither x — 1y nory — x Is c.e.

e For any strongly c.e. real x, if x is not dyadic rational, then there is a strongly c.e. y such
that x + vy is not strongly c.e.
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Semi-Computable Real Numbers

x is right computable if —x is l.c. (RC, or co-c.e.).
x is semi-computable if it is l.c. or r.c. (SC:=LCU RC).

Remark: z is s.c. iff there is a computable sequence () of rational numbers converging to
x monotonically in the sense that (Vs,t)(s >t = |z — 5| < |z — x4]).

Theorem. [Ambos-Spies, Weihrauch and Z. 2000]
It A, B C N are Turing incomparable c.e. sets, then the real number x := x , .5 Is not
semi-computable.

Remark:

® xAEBE = (SE‘QA—I— 1/3) — L2B+1-

e SC is not closed under the subtraction.



Semi-Computable Real Numbers

T

CA

RC LC
EC
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Example of Left Computable Reals

The length of a curve.

Definition von Camille Jordan (1882):

SN T

4

By incresing the cut points the polygon approximates the curve.

The length of the curve is defined as the limit lim,,_, o [,,, where [,, is the length of the
polygon with n 4+ 1 cut points.

Remark: All lengths [,, are lower bounds of the length of the curve.
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Example of Right Computable Real Numbers

The minimal temperature of a day.

| ) A 6 5 10 m 99 94
. ‘
12 14 16 18 20

. \3/

Problem: The class SC is not closed under the arithmetical operations!
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Weakly Computable Reals (D-C.E.)

Definition. A real x is called d-c.e. if x =y — z for left computable reals v, z.

The class DCE — difference of c.e.

Theorem. [Ambos-Spies, Weihrauch, Z. 2000] x is d-c.e. iff there is a computable
sequence () of rationals which converges weakly effectively to x in the sense that,

Z ’xs e $3+1’ S Q.

Remark: (x;) converges effectively if |[xs—xsy1| <27 % forall s. Then Y |zg—xs11| < 2

D-c.e. reals are also called weakly computable, (WC = DCE)

Theorem. [AWZ2000, Ng2005 and Raichev2005]

e WC = Arithm(SC).
e \WC /s a real closed field.
e SC C WC C CA.
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sequence of c.e. reals which converges to 0. (05 := ) .~ 0; for a computable sequence () of
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sequence () of rational numbers which converges to x c.e. bounded.

Thereofore, the following are equivalent:

1. x =y — z for some c.e. real numbers y and z;
2. x belongs to the arithmetical closure of c.e. real numbers;
3. There is a computable sequence of rational numbers which converges weakly effectively to x;

4. There is a computable sequence of rational number which converges to x c.e. bounded.

The fifth characterization of DCE related to relative randomness.
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Prefix-Free Kolmogorov Complexity and Randomeness

The Kolmogorov complexity of a binary word o relative to a Turing machine M is
Ky (o) :=min{|7|: M(7) =0c}.

The (prefix-free) Kolmogorov complexity of o is defined by K (o) := Kjs(o) for a universal
prefix free Turing machine M .

A binary sequence A is called Kolmogorov-Levin-Chaitin random if
(de)(Vn)(K(A [ n) >n—c).
A real number is called random if its binary expansion is a random sequence.

Example: The halting-probability Qp := S"{271°1 . U(s) |} of a prefix-free universal
Turing machine U is a c.e. random number (Q2-number, Chaitin 1975)
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Solovay Reducibility

Definition. [Solovay 1975] A c.e. real x is Solovay reducible to c.e. real y (v <g y) if
there are computable increasing sequences (x5) and (ys) of rationals s.t.

Lemma. [Solovay]| The Solovay reducibility has the Solovay property

v <sy = (3)(Vn)(K(x [n) < K(y [ n)+c).

Theorem. [Chaitin, Solovay, Kugera, Slaman and Calude et al] For any real
x, the following conditions are equivalent:

1. x is c.e. and random real:
2. x is an Q-number;

3. x is Solovay Complete on c.e. reals, i.e., y <g x for all c.e. realy.

Conclution: CE = {x : z <g 0}
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Extended Solovay Reducibility

Definition. [Rettinger and Z. 2004] A c.a. real x is Solovay reducible to a c.a. real y
(v <% y) if there are computable sequences (xs) and (ys) of rational numbers such that

Lemma. Extended Solovay reducibility has the following properties

1 §% is reflexive and transitive;
2. <% coincides with the original reducibility of Solovay on c.e. reals;
3. If x is computable, then x <% y for any vy,

4. <% has Solovay property, i.e.,

r <gy= (3)(Vn)(K(z [ n) < K(y [ n) +c).

(If v <% y and x is random, then y is random too.)
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Definition. [Rettinger and Z. 2004] A c.a. real x is Solovay reducible to a c.a. real y
(v <% y) if there are computable sequences () and (ys) of rational numbers such that

limzs =z, hmys =Y, (36)(\78) <|CE I x8| < C(‘y - ys‘ + 2_8)>
Lemma. Extended Solovay reducibility has the following properties

1 g% is reflexive and transitive;
2. <% coincides with the original reducibility of Solovay on c.e. reals;
3. If x is computable, then x <% y for any y;
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Weak Computability vs Randomness

Definition. A function f : R™ — R is locally Lipschitz if for each ¥ € dom(f), there is a
neighborhood U of & and a constant L such that

(Va,v € U)(f(a) = f(0)| < L - |u — 7))

Theorem. Letd be a ca. real. The class S(< d) :={y : y <% d} is closed under locally
Lipschitz computable functions.

Corollary. The class S(< d) is a closed field for any c.a. reals d.

Theorem. [Rettinger and Z. 2004] S(< Q) =WC

Proof idea:
S(< Q) contains all c.e. real and is a field = WC C S5(< Q);

r <% Q = x is c.e. bounded approximable = x € WC
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Theorem. [Rettinger and Z. 2004]

1. Ifdis a cee. random real number, then S(< d) = DCE;

(A real is d-c.e. iff it is Solovay reducible to a c.e. random real.)

2. The c.e. random reals are S-complete for DCE;
( The Chaitin’s Q2-numbers are S-complete for DCE.)

3. Any d-c.e. random real number is either c.e. or co-c.e.

( Co-c.e. reals are the limits of decreasing computable sequences of rationals.)
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Five Characterizations of DCE

The class DCE has at least five equivalent characterizations:
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DCE = Arithm(CE)
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xﬁ%Q.

23



23

Five Characterizations of DCE

The class DCE has at least five equivalent characterizations:

l. x=y—ztory,z € CE
2. DCE = Arithm(CE)

3. Weakly computable.

4. C.e. bounded convergence

5. xﬁ% Q.

Theorem. [Z. 2003, Downey, Wu, Z. 2004] On the Turing degrees of d-c.e. reals,

we have

e [here is a d-c.e. real which does not have an w-c.e. degree.
e Fvery w-c.e. degree contains a d-c.e. real.

o There is a AY degree with no d-c.e. reals.
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Derivation on DCE

Definition. [Miller 2017] Let x be a d-c.e. and (z5) be a computable sequence of ratio-
nals which converges to x weakly effectively. Let (€)s) be a computable increasing sequence of
rationals which converges to §). Let
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Definition. [Miller 2017] Let x be a d-c.e. and (z5) be a computable sequence of ratio-
nals which converges to x weakly effectively. Let (€)s) be a computable increasing sequence of

rationals which converges to §). Let
. r — Ts
Or = lim

s—oo0 () — (),

Theorem. [Miller 2017] For any d-c.e. real x.

e Ox converges and is not dependent on the d-c.e. approximations of x.
e Ox = 0 iff x is not random.

e Ox > 0 iffx is a random left-c.e. real

o OJx < 0 iffx is a random right-c.e. real.

e The class of nonrandom d-c.e. reals forms a real closed field.

o /f f is computable differentiable function and x is d-ce. Then, f(xz) is d-ce. and
Of(x) = f'(x)0x (DCE is closed under computable differentiable functions.)

The class DCE is not closed under total computable real functions.
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Computable Real Functions
Turing's promise (1936)
Banach-Mazur (1937, 1963) — sequential computability

Specker (1949) — (Primitive) recursive real functions — effective limits of (primitive) recursive
sequences of (primitive) recursive functions on rational numbers.

Grzegorczyk & Lacombe (1955) — sequential computability + effectively uniform continuity
Weihrauch 1987 — Typ-2 Turing machine

Ko 1991 — Oracle-Turing machine
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Y )
) f()

A name of x is a sequence (x) of rationals which converges effectively to x.

name of

M
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26



26

Turing Machine Computability of Real Functions

f

x f(z)
M
(z5) (Ys)
M
x f(z)
A name of x is a sequence (x) of rationals which converges effectively to x.
name of x name of f(x)
M

Definition. [Weihrauch 1987] A function f :C R — R is computable if there is a
(type-2) Turing machine M which transfers each name of x € dom( f) to a name of f(x).
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Closure under Computable Real Functions

The classes EC and CA are closed under the computable real functions.

Theorem. [Rettinger and Z. 2005] The classes SC und WC are not closed under total
computable real functions. But their closures are the same.

Question: What is the closure of the classes SC and WC under total computable real
functions?

Remark: The closure of real number classes under partial computable real functions is
relative simple because of the following property of Ko:

y = f(x) for a computable real function f <— y <p .
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computable real functions. But their closures are the same.

Question: What is the closure of the classes SC and WC under total computable real
functions?

Remark: The closure of real number classes under partial computable real functions is
relative simple because of the following property of Ko:

y = f(x) for a computable real function f <— y <p x.
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A real x is called divergence bounded computable (DBC) if x = f(y) for a d-c.e. real y and
a total computable real function f. (DBC = Comp(WC))



The Class DBC

28

A real x is called divergence bounded computable (DBC) if x = f(y) for a d-c.e. real y and

a total computable real function f. (DBC = Comp(WC))
That is, the class DBC is the closure of WC under total computable real functions.

ING

CA

DBC

WC

EC

LC
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Jumps of a Sequence

A jump of size a of a sequence () is an index-pair (7, 7) with |z; — x| = a.

L1
L3

X0

The index-pairs (0,1), (3,5), (5,7), (9,11) are four non-overlapping jumps of the size larger
than 27"
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Divergence Bounded Convergence

Definition.

e A sequence converges h-bounded, if it has at most h(n) non-overlapping jumps of size larger
than 2" for all n.

o A real x is called h-bc (bounded computable) if there is an h-bounded computable sequence
of rationals which converges to x.

o A real x is called C-bc if there is an h € C' and an h-bounded computable sequence of
rationals which converges to x. (C-BC)

Theorem. [Rettinger and Z. 2005]

e DCE C 0(2™)-BC.
(Open problem: DCE = C-BC for some C'77)

o g-BC £ h-BC iff the difference |g(n) — h(n)| is unbounded.

e ('-BC is a filed if C' contains the constant functions and successor function and is closed
under the addition and composition.
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Divergence Bounded Convergence

Theorem. [Rettinger and Z. 2005] = € DBC /ff there is a total computable function
h : N — N and a computable sequence (x) of rationals which converges h-bounded to x.
That is DBC = C-BC where C' is the set of all total computable functions.

DBC — divergence bounded computable

Theorem. [Rettinger and Z. 2005]
e DBC /s a field:

e DBC is strictly between the classes DCE and CA;

e DBC s the closure of the class DCE under total computable real functions.
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Convergence-Dominated Reducibility

Definition. [Rettinger and Z. 2018] x is CD-reducible to y (x <c¢p y) if there is a
monotone total computable real function h with h(0) = 0 and two computable sequences (x)
and (ys) of rationals with limzs = x, limys = y and

(¥5) (|& — x| < h(ly —ysl) +27°)

(Extended Solovay: (Vs) (|x — zs| < c(|ly — ys| +27°)))

Lemma. z= <gp y iff there is a computable function h : N — N and two computable
sequences (xs) and (ys) of rationals with limzg = x, limys = y and

(s, m) (Jy = el <2770 — o — 2, <277 +279)

Theorem. [Rettinger and Z. 2018]
L e<ty=z<cpy

2 € DBC «<— <), ie. DBC = DC(SDC Q)



Equivalent Characterizations of DBC

The class of DBC can be equivalently characterized in the following ways.
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The class of DBC can be equivalently characterized in the following ways.

Computable closure of DBC

Computable closure of CE

Class of d.b.c. reals (DBC = C-BC for computable function class C)

Class of reals which are CD-reducible to (2.
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Equivalent Characterizations of DBC

The class of DBC can be equivalently characterized in the following ways.

e Computable closure of DBC

e Computable closure of CE
e Class of d.b.c. reals (DBC = C-BC for computable function class C)

e (Class of reals which are CD-reducible to (2.

Regarding the Turing degrees, we have

Theorem. [Rettinger and Z. 2005]

o There exists AY degree which has no d.b.c real numbers.

e There exists d.b.c. degree which has no d-c.e. real numbers.
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ING

A Finite Hierarchy

CA

DBC

WC

EC

LC
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Conclusion

1. Computability theory of real numbers is a subarea of a more comprehensive research area
CCA (Computability and Complexity in Analysis). ( http://cca-net.de/.)

2. The following classes of real numbers are explored in this talk:

3. There are further, also infinite, hierarchies of the class CA:

e the Ershov type hierarchies;

e h-monotone computability (m > n = |z — x| < h(n)|z — x,]).
e Turing degree hierarchies.

® ctc.

4. The class CA is the second level (AY) of the arithmetical hierarchy of real numbers.
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Thank you very much

CA

DBC

WC

EC

LC
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