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pougnioule’s question :

After some friends had wondered if two theorems are equivalent, and after
giving it some thoughts, I reached the conclusion that the question does
not make sense (for the obvious reason that once axioms are fixed, the
theorems we deduce are based on the axioms only. It follow that any proof
using a theorem could be achieved without it, by re-demonstrating it when
needed).

However, some erudite people (compare to me) wrote a Wikipedia page on
the local inversion theorem. At the end of the usage section’s first paragraph
they wrote :

“The local inversion theorem is used either in its original form, or in the
form of the implicit function theorem, to which it is equivalent, in the sense
that they can be deduced from one another.”

I would like to know if it is a mistake (that is, if the notion of theorem
equivalence doesn’t make sense) or not. And I would like to know what the
authors of the above text meant (there must be a meaning).
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order to obtain a theory T 1. Maybe the theorems cannot be proved within
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axiom of choice together with Zorn’s lemma. [...]
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Maxtimax’s answer :

However Wikipedia’s sentence still means something and there are seve-
ral possible meaning in saying “these too theorems are equivalent”. I will
describe two of them [...].

1. The technical sense. Two theorems proved from a theory T are necessarily
equivalent as we said. Suppose now that I remove some axioms from T , in
order to obtain a theory T 1. Maybe the theorems cannot be proved within
T 1 anymore, but maybe their equivalence can. A well known example is the
axiom of choice together with Zorn’s lemma. [...]

2. The non-technical sense. This is the pedagogical sense : when we study
math, we use a lot of basic results to prove bigger theorems. Most of the
results seen in class can be shown in 5 minutes, at most 10 minutes - but
some big theorems take longer, 30 minutes or one hour, sometimes even
several sessions. Sometimes we have several big theorems, say T1 and T2,
so that the proof of each of them is individually complicated, but such that
it is easy to deduce T2 from T1 together with our basic results. We normally
say that T2 is a corollary from T1. [...]
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concerns, by giving a formal meaning to Maxtimax’s answer, that
is, by giving a formal meaning to our intuition on sentences like

Theorems A ans B are equivalent

Theorem A does not follow from theorem B

Usual sense :
AÐÑZFC B
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Motivation

Reverse mathematics provide an answer to pougnioule’s
concerns, by giving a formal meaning to Maxtimax’s answer, that
is, by giving a formal meaning to our intuition on sentences like

Theorems A ans B are equivalent

Theorem A does not follow from theorem B

Usual sense :
AÐÑ��ZFC B

. . .

New sense :
AÐÑRCA0 B
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Concretely

Second order arithmetic

First order elements : Second order elements :

Integers Reals

Examples 0, 1, 2, . . . N, π,
?

2, . . .

Variables x , y , z , . . . X ,Y ,Z , . . .

Models N Computable sets

During this talk, the models will always be ω-models : models in which
integers are the true integers : only the second order part will change.
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RCA0 : Computable mathematics

RCA0 axioms :

1 Robinson arithmetic

2 Induction on integers for Σ0
1 formulas

3 Comprehension on sets of integers for ∆0
1 formulas

A model of RCA0 is closed by

Turing reduction : If X belongs to the model, and X
computes Y , then Y belongs to the model.

Turing join : If X ,Y belong to the model then X `Y is in the
model.
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RCA0 theorems : examples

Theorem (RCA0 - uncountability of the reals)

For every function f : NÑ R, there exists r P R such that r R f pNq.

Theorem (RCA0 - Intermediate value theorem)

For every function f : RÑ R continuous on ra, bs, the set f pra, bsq
is an interval.

Theorem (RCA0 - Weak completeness theorem)

Every (countable) consistent theory which is closed by logical conse-
quence has a model.
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WKL0 : Compactness

WKL0 axioms

1 RCA0 axioms

2 weak Köning’s lemma : every infinite binary tree has an
infinite path.

A model of WKL0 is a Scott set :

closed by Turing reduction : If X belongs to the model, and X
computes Y , then Y belongs to the model.

closed by Turing join : If X ,Y belong to the model then
X ` Y is in the model.

If an infinite binary tree T belongs to the model then an
infinite path X of T belongs to the model.
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WKL0 : weak König’s lemma

Which side has infinitely many nodes ?

. . . . . . . . .

0 1

0 1 0 1

0 1 0 1 0 1 0 1
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WKL0 : weak König’s lemma

The following sentences are equivalent :

1 X computes an infinite path in every infinite binary tree.

2 X computes a complete and consistent extension of Peano
arithmetic.

3 X computes a function f : NÑ t0, 1u such that
@n f pnq � Φnpnq

Furthermore the functions

tf : NÑ t0, 1u : @n f pnq � Φnpnqu

are the paths of some infinite computable binary tree.

Ñ There is a universal instance of weak König’s lemma.
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WKL0 theorems

Theorem (WKL0 - Heine/Borel Lemma)

From every covering of r0, 1s by open sets we can extract a finite
subcovering.

Theorem (WKL0 - Analysis)

Every continuous function in r0, 1s admits and reach a maximal
value.

Theorem (WKL0 - Algebra)

Every countable commutative ring contains a prime ideal.

Theorem (WKL0 - Gödel’s completeness theorem)

Every countable consistent theory has a model.
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ACA0 : comprehension

ACA0 axioms :

1 WKL0 axioms.

2 Comprehension for arithmetical formulas.

A model of ACA0 is a set

closed by Turing reduction : If X belongs to the model, and X
computes Y , then Y belongs to the model.

closed by Turing join : If X ,Y belong to the model then
X ` Y is in the model.

closed by the halting problem : If X belongs to the model,
then X 1, the halting problem relative to X belongs to the
model.
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ACA0 Theorems

Theorem (ACA0 - Bolzano/Weierstrass)

Every infinite sequence of points in r0, 1s has a convergent subse-
quence.

Theorem (ACA0 - Analysis)

Every increasing bounded sequence of reals has a limit.

Theorem (ACA0 - Algebra)

Every countable commutative ring contains a maximal ideal.

Theorem (ACA0 - Ramsey’s theorem)

Let n ¡ 2. For every function f : rNsn Ñ t0, 1u, there exists X with
|X | � 8 such that |f prX sωq| � 1.
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Why reverse mathematics ?

Find back the axioms from theorems

Axiomatic system

Theorem1 Theorem2

Prove back
with RCA0

Prove back
with RCA0

Goal

Find minimal axiomatic system to prove theorems.
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Ramsey theorem
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Ramsey theorem for pairs

Definition

RTn
m : For every coloring of the sets of integers of size n with m

colors, there exists an infinite set whose every infinite subset of size
n have the same color.

1 An instance I of RTn
m is a function c : rNsn Ñ t0, . . . ,mu.

2 A solution of I is an infinite set X whose every subset of size
n have the same color using c.

The principle RTn
m says : Every instance of RTn

m has a solution.
The statement RTn

m is provable in T if in every model M of T , for
every instance I P M of RTn

m, there exists a solution to I in M.
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Ramsey theorem for pairs

Theorem (Jockush, 1972)

For every n ¥ 1, Ramsey theorem for n-tuples - RTn
2 - is provable

in ACA0.

For every n and every color c : rωsn Ñ t0, 1u, the set cpnq computes
a solution of c .

Theorem (Specker, 1972)

Ramsey theorem for pairs - RT2
2 - is not provable in RCA0.

Construction of a computable function c : rωs2 Ñ t0, 1u for which
there exists no computable solution.
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Ramsey theorem for pairs

Theorem (Jockush, 1972)

Ramsey theorem for pairs - RT2
2 - is not provable in WKL0.

Construction of a computable function c : rωs2 Ñ t0, 1u for which
there is no Σ0

2 solution.

Theorem (Jockush, 1972)

Ramsey’s theorem for triplets - RT3
2 - is equivalent to ACA0.

Construction for every X of an X -computable function c : rωs3 Ñ
t0, 1u every solution of which computes X 1.
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Ramsey theorem for pairs

Theorem (Seetapun, 1995)

Ramsey theorem for pairs - RT2
2 - does not prove ACA0.

For every X § ∅1, and every X -computable function c : rωs2 Ñ
t0, 1u, construction of a solution for c which does not compute ∅1.

Ñ construction of a model of RT2
2`RCA0 which is not a model of

ACA0.

Theorem (Liu, 2012)

RT2
2 does not prove WKL0.



Reverse mathematics Ramsey theorem for pairs Splitting ω in two

Ramsey theorem for pairs

Summing up

ACA0 RT3
2 RT4

2

WKL0

RCA0

RT2
2

Implications are strict
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Ramsey theorem for pairs

Definition

A set C is tRnunPω-cohesive if C �� Rn or C �� Rn for every n.

Definition

COH : For every sequence of sets tRnunPN, there exists an tRnunPN-
cohesive set.

Definition

A coloring c : rNs2 Ñ t0, 1u is stable if @x limyPω cpx , yq exists.

Definition

SRT2
2 : Every stable color c : rNs2 Ñ t0, 1u admits an homogeneous

set.
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Ramsey theorem for pairs

Theorem (Cholak, Jockusch, Slaman and Mileti)

RT2
2 ØRCA0 COH` SRT2

2

COH` SRT2
2 Ñ RT2

2 (Cholak, Jockusch, Slaman)
Let c : rNs2 Ñ t0, 1u. Let Rn � ty : cpn, yq � 0u. Let C be an
tRnunPω-cohesive set. Then c is stable on C .

RT2
2 Ñ COH (Mileti)

Construction of a computable coloring for which every solution is
cohesive.

RT2
2 Ñ SRT2

2

Trivial
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Ramsey theorem for pairs

Theorem (Liu)

For every non-PA set X , for every set A there exists G P rAsω YrAsω such
that G ` X is non-PA.

Liu’s theorem is used to build a model of SRT2
2 which is not a model of

WKL, using the following equivalence

Definition

D2
2 : Every ∆0

2 instance of RT1
2 has a solution.

D2
2 ØRCA0 SRT

2
2

Given a stable color c : rωs2 Ñ t0, 1u, let A be the ∆0
2 set such that

n P A iff limx cpn, xq � 1. From an infinite subset X of A or of A, one can
compute an infinite subset of X homogeneous for c . Using that COH does
not imply WKL, we build a model of SRT2

2 ` COH (and then of RT2
2)

which is not a model of WKL.
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Ramsey theorem for pairs

In the equivalence

RT2
2 ØRCA0 COH` SRT2

2

Do we need the two principles on the left ? In particular do we have

COHÑRCA0 SRT2
2 ? or SRT2

2 ÑRCA0 COH ?

Answer :

Theorem (Hirschfeldt, Jockusch, Kjoss-hanssen, Lempp and
Slaman)

COH` RCA0 Û SRT2
2

Theorem (Chong, Slaman and Yang)

SRT2
2 ` RCA0 Û COH
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Ramsey theorem for pairs

Theorem (Chong, Slaman and Yang)

SRT2
2 ` RCA0 Û COH

The proof of Chong, Slaman and Yang does not work in ω-models.
It uses the fact that RCA0 only has induction for Σ0

1 formulas.

The separation within ω-models was only solved recently :

Theorem (M., Patey)

There exists an ω-model of SRT2
2 ` RCA0 which contains no co-

hesive set for primitive recursive functions, and therefore is not a
model of COH.
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The question

What can we encode inside every infinite subsets of
both two halves of ω ?

A splitting :

. . .

Such that :

Each infinite subset of the blue part has some comp. power

Each infinite subset of the red part has some comp. power

Answer : Not much...
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A precision

What if we drop the complement thing ?

Consider any set X . Then we can encode X into every infinite subset
of a set A the following way : We let A be all the integers which cor-
respond to an encoding of the prefixes of X (using some computable
bijection between 2ω and ω).

σ0   σ1   σ2   . . .X

Apnq � 1 iff n encodes σn for some n
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Encoding Hyperimmunity

Definition (Hyperimmunity)

A set X is of hyperimmune degree if X computes a function f : ω Ñ ω,
which is not dominated by any computable function.

x

y

comp. fct

hyperimmune fct

Theorem

There exists a covering A0 Y A1 � ω, such that every X P rA0sω Y rA1sω
is of hyperimmune degree.



Reverse mathematics Ramsey theorem for pairs Splitting ω in two

Encoding Hyperimmunity

Theorem

There exists a covering A0 Y A1 � ω, such that every X P rA0sω Y
rA1sω is of hyperimmune degree.

We split ω by alternating larger and larger blocks of consecutive
integers in A0 and A1.

. . .

For X infinite subset of A0 or A1, the hyperimmune function is
given by f pnq to be the n-th number which appears in X .
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Encoding DNC

Definition (Diagonally non-computable degree)

A set X is of DNC degree (diagonally non-computable) if X com-
putes a function f : ω Ñ ω, such that f pnq � Φnpnq for every n.

Theorem

The following are equivalent for a set X :

X is of DNC degree.

X computes a function which on input n can output a string
of Kolmorogov complexity greater than n.

X computes an infinite subset of a Martin-Löf random set.
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Encoding DNC

Definition (Informal definition of Kolmorogov complexity)

We say K pσq ¥ n if the size of the smallest program which outputs
σ is at least n.

Definition (Informal definition of Martin Löf randomness)

We say X is Martin Löf random if the Kolmogorov complexity of
each of its prefix σ is greater than |σ|.

Theorem

X is of DNC degree iff X computes an infinite subset of a Martin-Löf
random set.

001011101010011011001101001011010110010101010. . .
Ñ 000010000000001000000000000001000110000000010. . .
Ñ 111111111011111111011111101111111110111101111. . .
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Encoding enumerating non-enumerable things

Theorem [Tennenbaum, Denisov]

There exists a computable order of ω, of order type ω � ω� which
has no infinite ascending or descending c.e. sequence.

Consider A � ω the initial segment of order-type ω.

Any infinite subset X � A enumerates A (by enumerating
things smaller than elements of X )

Any infinite subset of X � A enumerates A (by enumerating
things larger than elements of X )

Corollary [Tennenbaum, Denisov]

There exists a set A such that every set G P rAsω Y rAsω can make
c.e. something which is not c.e.
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Cone avoidance

Theorem [Dzhafarov and Jockusch]

Let X � ω be non-computable. For every covering A0YA1 � ω, we
have some G P rA0sω Y rA1sω such that G §T X .

Ñ (Seetapun) RT2
2 does not prove ACA0

The proof uses computable Mathias Forcing : Dzhafarov and Jocku-
sch’s technique has then been enhanced an reused in various manner
by multiple authors to show other results of the same type, that we
shall now expose.
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More on cone avoidance

Theorem [Dzhafarov and Jockusch]

Let X � ω be non-c.e. For every covering A0 Y A1 � ω, we have
some G P rA0sω Y rA1sω such that X is not c.e. in G .

But we cannot avoid more than one c.e. set. On the other hand :

Theorem [Dzhafarov and Jockusch]

Let tXnunPω be all non-computable. For every covering A0YA1 � ω,
we have some G P rA0sω Y rA1sω such that G computes no Xn.
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PA degrees

Definition

A set X is of P.A. degree if X computes a complete and consistent
extension of Peano arithmetic.

Theorem

The following are equivalent :

X is of P.A. degree.

X is diagonally non-computable with a t0, 1u-valued function.

X computes an infinite path in any non-empty Π0
1 class.

Theorem (Liu)

For every covering A0 Y A1 � ω, we have some G P rA0sω Y rA1sω

such that G is not of PA degree.
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Non high

Definition

A set X is high if it computes a function which eventually grows faster
than any computable function.

x

y

comp. fct

high fct

Theorem (M., Patey)

For every covering A0 Y A1 � ω, we have some G P rA0sω Y rA1sω such
that G is not high.
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Non high

Theorem (Martin)

The following are equivalent for a set X :

X is high

X 1 ¥T ∅2

Theorem (M., Patey)

Let X be non ∅1-computable. For every covering A0 Y A1 � ω, we
have some G P rA0sω Y rA1sω such that X is not G 1-computable.

The proof uses of new forcing technique that builds upon Mathias
forcing to control the second jump.
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Iterating throught the ordinals

Theorem (M., Patey)

Let α   ωck
1 . Let X be non ∅pαq

-computable. For every covering
A0 Y A1 � ω, we have some G P rA0sω Y rA1sω such that X is not
G pαq-computable.

Theorem (M., Patey)

Let X be non ∆1
1. For every covering A0 Y A1 � ω, we have some

G P rA0sω Y rA1sω such that X is not ∆1
1pG q.

Theorem (M., Patey)

For every covering A0 Y A1 � ω, we have some G P rA0sω Y rA1sω such
that ωX

1 � ωck
1 .
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Computing cohesive sets

Definition (Cohesiveness)

A set X if p-cohesive if for any primitive recursive set Re we have
X �� Re or X �� Re

Theorem (Folklore)

A set X computes a p-cohesive set iff X 1 is PAp∅1q, that is, iff X 1

computes a function f : ω Ñ t0, 1u such that f pnq � Φ∅
1

e peq.

Theorem (M., Patey)

For every ∆0
2 set A, there is an element G P rAsω Y rAsω such that

G 1 is not PAp∅1q.

Question

Is the former true for any set A ?
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